Abstract. To the germ of an area-preserving diffeomorphism at an elliptic fixed point, we associate the germ of Mather's minimal action. This yields a strictly convex function which is symplectically invariant and comprises the classical Birkhoff invariants as the Taylor coefficients of its convex conjugate. In addition, however, the minimal action contains information about the local dynamics near the fixed point; for instance, it detects the C 0 -integrability of the diffeomorphism. Applied to the Reeb flow, this leads to new period spectrum invariants for three-dimensional contact manifolds; a particular case is the geodesic flow on a two-dimensional Riemannian manifold, where the period spectrum is the classical length spectrum.
Introduction
In this paper, we study the dynamics of an area-preserving diffeomorphism in a neighbourhood of an elliptic fixed point. It is a classical result by G.D. Birkhoff that, under certain nondegeneracy conditions on the linearization, there exists a normal form which is invariant under symplectic coordinate changes. This Birkhoff normal form describes an integrable map whose asymptotics, as one approaches the fixed point, coincide with those of the given non-integrable map. The coefficients of the Taylor polynomial (or series) for the normal form are the so-called Birkhoff invariants.
The goal of this paper is to construct a new "local" symplectic invariant which includes the Birkhoff invariants, but, in contrast, reflects part of the dynamical behaviour near the fixed point. To do so, we introduce a variational principle analogous to that in Aubry-Mather theory for monotone twist maps; namely, we minimize the Lagrangian action over all orbits with a given rotation number. This yields the minimal action, a function canonically associated to the given symplectic map and invariant under symplectic coordinate changes. The key point is to prove that this function is real valued, and hence a nontrivial invariant. Then it follows from Aubry-Mather theory that the minimal action contains certain information about the local dynamics near the fixed point. For instance, its differentiability at a rational rotation number is tantamount to the existence of a periodic invariant circle. We will prove the following result; see Theorem 3.2 for the precise formulation. 
Theorem. Given an area-preserving diffeomorphism

If φ has an invariant circle of rotation number ω, its enclosed area is given by α (ω).
Moreover, in the integrable case, the minimal action is a complete invariant, a fact which is not true for the Birkhoff normal form (unless the map is analytic). We show that the following is true; see Theorem 3.4.
Theorem. Given a symplectic diffeomorphism φ near an elliptic fixed point, let α denote the associated minimal action. Then the following holds true: 1. If φ is integrable, α determines φ; in fact, α * is an integrable Hamiltonian (i.e., already in action-angle variables) generating φ.
If α is differentiable then φ is C 0 -integrable.
Symplectic mappings near a fixed point appear often as Poincaré section maps of a closed trajectory. We explain this for the Reeb flow on a contact manifold, a particularly interesting example of which is the geodesic flow. It turns out that the minimal action depends only on the period spectrum of the contact manifold which, in the case of geodesic flows, is the length spectrum from Riemannian geometry. Therefore, the minimal action is a new local length spectrum invariant for compact two-dimensional manifolds, as are all quantities that can be obtained from it (e.g. the Birkhoff invariants).
Minimal orbits -or measures, respectively -play also an important role in other contexts. For planar convex domains, the minimal action is a length spectrum invariant under continuous deformations of the domain [Si3]; this can be seen as a global version of the results presented here. The minimal action appears even in Hofer's geometry of the Hamiltonian diffeomorphism group of cotangent bundles, where it yields a lower bound for the distance of a convex diffeomorphism from the identity [Si1, IS]. A comprehensive exposition of the role of the minimal action in the various contexts is given in [Si4] .
